
PHOBIA GLOSSARY (FROM THE LOS ANGELES TIMES) 

AUTHORITIES SAY A SEEMINGLY ENDLESS VARIETY OF OBJECTS OR PHENOMENON 

CAN TRIGGER PHOBIAS. MOST OF THEM – LIKE FEAR OF HEIGHTS, OR FEAR OF WATER 

– DO NOT INCAPACITATE AN INDIVIDUAL.  OTHERS DO. SOME PHOBIAS ARE UNIQUE TO 

INDIVIDUALS; MOST OTHERS HAVE APPEARED FREQUENTLY ENOUGH TO HAVE BEEN 

GIVEN A NAME. BELOW IS A LIST OF MEDICALLY RECOGNIZED PHOBIAS, WITH THEIR 

LATIN OR GREEK NAMES PRESENTED FIRST, FOLLOWED BY THEIR ENGLISH 

TRANSLATION. 

 

 

 

 

 

  GYNEPHOBIA –                 Fear of women.  

  HELIOPHOBIA –                Fear of sun. 

 HODCPHOBIA –              Fear of traveling. 

  HYGROPHOBIA –              Fear of dampness. 

  HYPNOPHOBIA –              Fear of sleep. 

  ICHTHYOPHOBIA –           Fear of fish. 

  MYSOPHOBIA or RHYPOPHOBIA –Fear of dirt. 

  OMBROPHOBIA –              Fear of rain. 

  PANPHOBIA –                     Fear of everything. 

  PENIAPHOBIA –                 Fear of poverty. 

  PHARMACOPHOBIA –       Fear of drugs. 

  PHOBOPHOBIA –               Fear of phobias. 

  SIDERODROMOPHONIA – Fear of trains. 

  SPECTRAPHOBIA –  

             Fear of Fourier Transforms. 
  VACCINOPHOBIA –            Fear of vaccination. 
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  ARACHNEPHOBIA  -       Fear of Spiders. 

  AMAXOPHOBIA or HAMAXOPHOBIA – 

         Fear of vehicles. 

  ANDROPHOBIA –           Fear of Males. 

  AUTOPHOBIA –              Fear of Self. 

  AUTOMYSOPHOBIA –   Fear of being dirty. 

  BELONEPHOBIA –         Fear of pins. 

  BROMIDOSIPHOBIA or  

   OSPHRESIOPHOBIA or OSMOPHOBIA – 

          Fear of odors. 

  CYNOPHOBIA –              Fear of dogs. 

  ENTOMOPHOBIA –         Fear of Insects. 

  ERGASIOPHOBIA or PONOPHOBIA – 

          Fear of work. 

  GAMOPHOBIA –             Fear of marriage. 

  GEPHYROPHOBIA –      Fear of crossing a bridge. 

  GRAPHOPHOBIA –        Fear of writing. 

 



FAST FOURIER TRANSFORM  ALGORITHMS 

COOLEY-TUKEY, GOOD-THOMAS, 

 WINOGRAD, BLUESTEIN, & RADER 

(AND  A  BIT  OF  SPECTRAL  ANALYSIS  WITH  THE  FFT) 

fred harris 
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INTERESTING FFT TRIVIA FROM THE FFT GURU  
    I will now share with you secrets of the Fast 

Fourier Transform known only to members of a 

       secret society called DSP Engineers!

      Do we 

 get to use

  a secret

    hand 

   shake?

  Two Questions! 

   Do Negative 

Frequencies Really

exist? And what is

a complex sinusoid? H(k) =
n=0

N-1

W(n)h(n) e
-j

2
N nk

 Arithmetic Noise Windows, Overlap, Sliding Windows, Consistency,  Noise 
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Cooley-Tukey Algorithm 

 Maps a 1-dimensional Transform of composite length N into coupled 

  two dimensional Transforms of length N1xN2 

                   N=N1*N2, N1 and N2 Arbitrary 

Good-Thomas (Prime Factor) Algorithm 

 Maps a 1-dimensional Transform of composite length N into uncoupled 

 two dimensional Transforms of length N1xN2 

                   N=N1*N2, GCD(N1,N2)=1, (N1,N2 Relatively Prime))) 

Bluestein (Chirp) Algorithm 

 Maps a 1-dimensional Transform of length N into a Linear Convolution 

 of Length 2N-1. Convolution Implemented in Transform of length L. 

                  N Arbitrary, L>2N-1 

Rader Algorithm 

 Maps a one dimensional transform of Prime Length N into a Circular  

 Convolution of length N-1 

 N-Prime 

Winograd Algorithm 

 Maps short Rader Circular Convolution Transform, to Computationally 

 Efficient Winograd Convolver, (Workload ~ 2N) 

 N-Small Prime or Power of Prime  

Number Theoretic Transform 

 In Certain Galois Fields, the N-th Root of Unity is the integer 2 

 Transforms; implemented with integer arithmetic and no Multiplies! 

                  Transform Supports Convolution 6
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    A Few  

Super Heroes 

Some Engineers 

  A Very Smart  

  Trash Collector 

Some Engineers 

Some Engineers 

A Pointed Hair Boss 

A Pretty Savvy Dog 

http://images3.wikia.nocookie.net/__cb20070531080261/dilbert/images/5/5a/Wally_icon.gif
http://images3.wikia.nocookie.net/__cb20070919045013/dilbert/images/6/6a/Pointy-Haired_Boss.gif
http://images2.wikia.nocookie.net/__cb20070919035334/dilbert/images/5/5f/Dogbert.gif
http://images3.wikia.nocookie.net/__cb20070531080639/dilbert/images/b/b6/Garbageman_icon.gif


James Cooley, fred harris, John Tukey 
1992  ICASSP Conference, San Francisco,  
Plenary Talk, 25-th Anniversary of CT-FFT  

James Cooley, fred harris, John Tukey 

1992  ICASSP Conference, San Francisco, Plenary Talk 

25-th Anniversary of CT-FFT (1965)  

http://www.ieeeghn.org/wiki/index.php/Archives:History_of_FFT_with_Cooley_and_Tukey 7
 

 Special issue on fast Fourier transform 
and its application to digital filtering and 

spectral analysis, IEEE Trans. Audio 
Electronics (1967), AU-15 



FFT-TREE 
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INVERSE FOURIER TRANSFORM 
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THE FOURIER TRANSFORM 
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The word Orthogonal 
Is used a lot around here! 
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Steam Locomotive 

Also known as A Choo-Choo 

1
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PULSE TRAIN AND ITS  

FOURIER COEFFICIENTS TRIGT5a 
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PULSE TRAIN AND ITS FIRST 41  

FOURIER COEFFICIENTS 
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TRIGT5a 



CASCADE INVERSE AND FORWARD 

FOURIER TRANSFORMS 
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CONSTELLATION POINTS 

DISTRIBUTED OVER FREQUENCY INDEX 
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SEQUENTIAL SPECTRA  

SHOWING CONSTELLATION POINTS 

DISTRIBUTED OVER TIME-FREQUENCY INDICES 
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CASCADE FORWARD AND INVERSE 

FOURIER TRANSFORMS 
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MPEG DCT OF 8X8 PIXEL BLOCK  
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FOURIER TRANSFORM: RECTANGLE PULSE 
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SIN(X)/X ON UNIT CIRCLE 
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Sin(x)/x on Z-Plane 
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2-DIMENSION SIN(X)/X 

2
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YOU’VE HEARD OF 

SIN(X)/X 

 

HOW ABOUT 

SIN(X) OVER FRED? 
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Street outside Asilomar 

Conference Grounds 

(Monterey, CA) 



FOURIER SERIES OF 

 PERIODIC RECTANGLE PULSES 
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YOU’RE TELLING ME I’VE BECOME PERIODIC 

BECAUSE MY  

FOURIER TRANSFORM HAS BEEN SAMPLED? 
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Yes indeed! 
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SOME  

FOURIER TRANSFORM 

APPLICATIONS 

2
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DFT IS A COLLECTION OF MATCHED FILTERS FOR SINUSOIDS ALIGNED WITH 

THE FFT BASIS SET; (SINUSOIDS WITH INTEGER NUMBER OF CYCLES PER 

INTERVAL) IN ADDITIVE WHITE GAUSSIAN NOISE. 

 

WE TEST AND TEACH HOW THE FFT PERFORMS WITH BASIS SET 

SINUSOIDS AND WITH OTHER HARMONICALLY RELATED PERIODIC SIGNALS 

(USUALLY WITHOUT ADDITIVE WHITE NOISE). 

 

WE THEN USE THE FFT TO ANALYZE PERIODIC SIGNALS NOT ALIGNED  

WITH THE FFT BASIS SET OR NON PERIODIC RANDOM SIGNALS 

 IN NON WHITE (COLORED) RANDOM NOISE. 

 

IT SHOULD COME AS NO SURPRISE THAT WE HAVE LIMITED 

UNDERSTANDING OF THE FFT’S PERFORMANCE WHEN PROCESSING  

THIS WIDER RANGE OF INPUT SIGNALS.  

 
PROPERLY DESIGNED COMMUNICATION SIGNALS HAVE THE SAME STATISTICS AS 

BAND LIMITED WHITE NOISE (MAY HAVE OTHER PROPERTIES TOO!) 



SPECTRAL CONTENT OF SIGNAL 
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DFT OF SIGNALS, INTERFERENCE AND NOISE 


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SPECTRA OF CLASSIC WINDOWS 
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Spectral  

Leakage 

Spectral  

Leakage 



SPECTRUM ANALYSIS 

NEED WINDOWS TO SUPPRESS PROCESSING ARTIFACTS 
(PROCESS SINUSOIDS WITH NON-INTEGER NUMBER OF CYCLES IN PROCESSING INTERVAL)  
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window_kaiser_cmpr_2 
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IMPROVE STATISTICS OF SPECTRAL ESTIMATE 

Sliding Window Fourier Transform 

Short Time Fourier Transform (STFT) 

Time Varying Spectra 
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Ensemble Average  

      Spectrum 
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POWER SPECTRUM ESTIMATION 

OF RANDOM SIGNALS WITH FFT 

Coherent  

Average  

(6dB/Double) 

Incoherent  

Average 

(3dB/Double)  
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Random Signal Power Spectral Estimation 

Equal Standard Deviation and Mean 

Both Increase with FFT Length 
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DENSITY FUNCTIONS,  

CHI-SQUARE, N-DEGREES OF FREEDOM 

        Sum of  

Squared Gaussian 
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MEAN AND STANDARD DEVIATION:  

CHI-SQUARE, N-DEGREES OF FREEDOM 
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SPECTRA: SINGLE (RAW), AVERAGE, AND PEAK  
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WEIRD PROPERTY OF TRANSFORM:  

(AN INCONSISTENT ESTIMATOR) 

SAMPLE MEAN AND STANDARD DEVIATION 

4
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Property of Transform:  

Tones and Noise Like Signals Have Different 

Sample Mean and Standard Deviation 



SPECTRAL ESTIMATION IN NOISE  

(NEED FOR ENSEMBLE AVERAGING) 

4
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A Consistent Estimator:  
It would be nice if when you feed more data to an estimator,  

the quality of the estimate improves doesn’t get worse! 
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10 Log[Avg(mag^2)], 20 Log(Avg(Mag)], Avg[20 Log(Mag)] 
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Geometric Mean Less Than or Equal to Algebraic Mean  
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Raw Spectral Estimate and Averaged Spectral Estimate 

Noise Free Signal 3-dB Steps in Average Power  
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Raw Spectral Estimate and Averaged Spectral Estimate 

Noise Plus Signal 3-dB Steps in Average Power  
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Variance Reduction for Successively Greater Number of 

Independent Terms in Ensemble Average  
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Estimate SNR From Measures of Signal Plus Noise and of Noise 

Only: SNR~((Signal+Noise)Est-NoiseEst)/NoiseEst  
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Estimate SNR From Measures of Signal Plus Noise and of Noise Only: 

SNR~((Signal+Noise)Est-NoiseEst)/NoiseEst  
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Estimates Formed From Average of 512 FFTs
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Estimate SNR From Measures of Signal Plus Noise and of Noise Only: 

SNR~((Signal+Noise)Est-NoiseEst)/NoiseEst  
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Data time line

Data time line

Non Overlapped

Window Intervals

Rec tangle Weighting

Non Overlapped

Window Intervals

Smooth Weighting

Un-Weighted Data

Weighted Data

Window to Suppress Boundary Effects 

Missing Data 
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Data time line

Data time line

Overlapped

Window Intervals

Smooth Weighting

Overlapped

Window Intervals

Smooth Weighting

Weighted Data

Weighted Data

......

......

50% OL

75% OL

How Much Overlap? 



SLIDING, OVERLAPPED, AND WINDOWED FFTS 
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WINDOW LENGTH AND OVERLAP 

Longer Windows, Longer Averaging Time,  

Slow Response to Change, Good Frequency Resolution  

Short Windows, Short Averaging Time,  

Quick Response to Change, Poor Frequency Resolution 
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WINDOWS  

TRADE INCREASED SPECTRAL MAIN LOBE WIDTH FOR  

REDUCED LEVEL SPECTRAL SIDE LOBES 
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Main Lobe BW = fs/N 

Nyquist Rate = fs/N                      (No Overlap) 

Perform N-to-1 Down Sample in DFT 

Input N-samples, Output 1 Output Sample 

Main Lobe BW = 2fs/N fs/N 

Nyquist Rate = 2fs/N = fs/(N/2)  (50% Overlap) 

Perform N-to-2 Down Sample in DFT 

Input N/2-samples, Output 1 Output Sample 

Main Lobe BW = 3fs/N fs/N 

Nyquist Rate = 3fs/N = fs/(N/3) (66.6% Overlap) 

Perform N-to-3 Down Sample in DFT 

Input N/3-samples, Output 1 Output Sample 

Main Lobe BW = 4fs/N 

Nyquist Rate = 4fs/N = fs/(N/4)  (75% Overlap) 

Perform N-to-4 Down Sample in DFT 

Input N/4-samples, Output 1 Output Sample 
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Satisfy Nyquist Criterion, Examine Main Lobe BW 



N POINT SMOOTH WINDOW: BW IS 4-TIMES WIDTH OF RECTANGLE WINDOW 

4N POINT SMOOTH WINDOW: BW IS EQUAL TO WIDTH OF RECTANGLE WINDOW  

6
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Bin 4 of 4N Point FFT  

     is same BW as 

Bin 1 of N Point FFT 



SUCCESSIVE NON OVERLAPPED WINDOW INTERVALS OF LENGTH N  

OVERLAPPED WINDOW INTERVALS OF LENGTH 4N,  

AND 4-TO-1 FOLDED (OR ALIASED) WINDOW INTERVALS 

     FOLDED  WINDOW  IS  A  POLYPHASE PARTITION  
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4-N POINT WINDOW FOLDED 4-TO-1 BY POLY-

PHASE PARTITION AS INPUT TO N-POINT FFT 
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Hmm... this is very

good stuff....

W (Z)0

W (Z)2

W(Z)= { w(r+ nN)}Zr

Polyphase 
  Partition

W (Z)N-2

W (Z)1

W (Z)3

W (Z)N-1

N-PNT
  FFT

..
..

. .......
..

.

s(n) S(k)
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Frequency Response of 1024 Point FFT with  

1024 Point Window, 2048 Point Window Folded 2-to-1, and  

4096 Point Window Folded 4-to-1 

flex_FFT_5 



-0.01 -0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0.006 0.008 0.01
-20

-15

-10

-5

0

5
Spectrum: 1024 Point FFT, 1024 Point Window

L
o
g
 
M

a
g
 
(
d
B

)

Scallop Loss

-0.01 -0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0.006 0.008 0.01
-20

-15

-10

-5

0

5
Spectrum: 1024 Point FFT, 2048 Point Window

L
o
g
 
M

a
g
 
(
d
B

)

Scallop Loss

-0.01 -0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0.006 0.008 0.01
-20

-15

-10

-5

0

5
Spectrum: 1024 Point FFT, 4096 Point Window

L
o
g
 
M

a
g
 
(
d
B

)

Frequency

Scallop Loss

6
6
 

-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02

-100

-50

0

Spectrum: 1024 Point FFT, 1024 Point Window

L
o
g
 M

a
g
 (

d
B

) Scallop Loss

-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02

-100

-50

0

Spectrum: 1024 Point FFT, 2048 Point Window

L
o
g
 M

a
g
 (

d
B

) Scallop Loss

-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02

-100

-50

0

Spectrum: 1024 Point FFT, 4096 Point Window

L
o
g
 M

a
g
 (

d
B

)

Frequency

Scallop Loss

Scallop Loss For Sinusoid Displaced Half Bin Width  



6
7
 

Frequency Response of 1024 Point FFT with  

1024 Point Window, 2048 Point Window Folded 2-to-1, and  

4096 Point Window Folded 4-to-1, (Flat-Top Windows) 

flex_FFT_6 



Flat Top Scallop Loss For Sinusoid Displaced Half Bin Width  
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OVERLAPPED WINDOWS: MORE OVERLAP 

INCREASED NUMBER OF WINDOWS PER FIXED INTERVAL, 

INCREASED CORRELATION IN SUCCESSIVE WINDOWS 
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OL    No.  Corr

0/8    8   0.0000

1/8    9   0.0002

2/8   10   0.0034

3/8   12   0.0255

4/8   15   0.1069

5/8   19   0.2963

6/8   29   0.5892

7/8   57   0.8776



OVERLAPPED WINDOWS: MORE OVERLAP 

DECREASES TIME INTERVAL REQUIRED TO ACQUIRE 

SPECIFIED NUMBER OF WINDOWED INTERVALS 
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OL     Time  

0/8    8.000   

1/8    7.125   

2/8    6.250   

3/8    5.625   

4/8    5.500   

5/8    3.625

6/8    2.750

7/8    1.875
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   OL    0/8    1/8        2/8    3/8    4/8    5/8    6/8    7/8 

 NAVG    32           36     42    51    64    85    128   256 
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            WINDOW N_eff(Sat)     ENBW    RATIO 

Gaussian      97       2.123      45.7 

Blackman-harris      91       2.004      45.4 

Kaiser (-80 dB)      86      1.903      45.2 

Dolph-Tchebyshev (-80 dB)      78      1.743      44.7 

Hann      67      1.500      44.7 

Hamming      61      1.364      44.7 

Triangle      60      1.333      45.0 

 Compare  

Effective Number of Independent Measurements  

      to ENBW of Various Windows. 
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Overlap Index Table: Index vs. %OL

1:    0/1024,     0.00% OL

2:   64/1024     6.25% OL

3:  128/1024  12.50% OL

4:  192/1024  18.75% OL

5:  256/1024, 25.00% OL

6:  320/1024  31.25% OL

7:  384/1024  37.50% OL

8:  448/1024  43.75% OL

9:  512/1024, 50.00% OL

10: 576/1024  56.25% OL

11: 640/1024  62.50% OL

12: 704/1024  68.75% OL

13: 768/1024, 75.00% OL

14: 832/1024  81.25% OL

15: 896/1024  87.50% OL

16: 960/1024  93.75% OL
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Fixed Number, 16, 32, 64  FFT Lengths 



FIXED NUMBER OF OVERLAPPED WINDOWS,  ACQUIRE 

ADDITIONAL DEGREES OF FREEDOM IN SHORTER TIME SPAN   

FIXED INTERVAL, INCREASED NUMBER OF OVERLAPPED 

WINDOWS ACQUIRE ADDITIONAL DEGREES OF FREEDOM 
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50% Overlap 

75% Overlap 
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OL Index         1            2             3             4             5              6             7             8             9            10           11         12          13          14

% OL             0.00%   6.25%   12.50%  18.75%  25.00%  31.25%  37.50%  43.75%  50.00%  56.25%  62.5%  68.75%  75.00%  81.25%
16 Intervals     16         17            18          19           21           22           25           27          31           35          41          49           61           81
32 Intervals     32         34            36          39           42           46           50           56          63           72          83         100         125        167
64 Intervals     64         68            73          78           85           92          101        113        127        145        169         203         253        338
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Fixed Intervals, 16, 32, 64 FFT Lengths 



Resolution Versus Uncertainty 

  









2

2

Optimum Integration Time

Resolution = Uncertainty

1
uncertainty,

T

1
          ,

1
          ,

1
         

Ex. if S = 10 Hz/sec, 

1
T = 0.316

3.16

Res = 1/T = 3.16 Hz

res ST

S
T

T
S

T
S
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Time Interval 

Spectral  

Resolution =1/T 

FM Sweep  

Spectral Uncertainty =ST.  

Units of S: Rad/sec/sec 

TRes>TUnc 

 

TUnc>TRes TUnc=TRes 

f(T)=S*T 

Non 

Stationary 

Signals 
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Waterfall_2b 
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FINALLY! 

THE DISCRETE FOURIER TRANSFORM  

AND  

THE FAST FOURIER TRANSFORM 

8
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Gauss and the History of the Fast Fourier Transform, IEEE ASSP Magazine, October 1984 
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Principal Discoveries of Efficient Methods of Computing the DFT 

   Number of DFT 

Researcher(s) Date Sequence Lengths         Values   Application 

C.F. Gauss 1805     Any Composite Integer    All  Interpolation of orbits of 
                                                                                                                                  celestial bodies     

F. Carlinia   1828    12         ---  Harmonic analysis of 
             barometric pressure 

A. Smith   1846      4, 8, 16, 32     5 or 9  Correcting deviations in 
             compasses on ships 

J.D. Everett  1860    12          5   Modeling underground 
             temperature deviations 

C. Runge   1903   2n k         All  Harmonic analysis of functions 

K. Stumpff   1939        2n k, 3n k        All  Harmonic analysis of functions 

Danielson & Lanczos   1942   2n k               All  Harmonic analysis of functions 

L.H. Thomas  1948  Any Integer with        All  Harmonic analysis of functions 
                                                       relatively prime factors 

I.J. Good   1958  Any Integer with        All  Harmonic analysis of functions 
          relatively prime factors 

Cooley & Tukey  1965       Any composite Integer      All   Harmonic analysis of functions 

S. Winograd  1976  Any Integer with       All   Complexity Theory for    
          relatively prime factors    Harmonic analysis 



Discrete Fourier Transform 


2πN-1 -j nk
N

n=0

F(k )= f(n)e ,k=0,1,2,...,N-1


2πN-1 +j nk
N

k=0

1
f(n ) = F(k)e ,n = 0,1,2,...,N -1

N
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(DFT) 

(IDFT) 



Discrete Fourier Transform Matrix  
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N-Operations per Output  

N-Outputs per Transform } N2 Operations per Transform 

NOTE, This Matrix is its own Transpose 



Phasor Representation of DFT Matrix 
n { 0         1         2        3         4        5        6        7} k{

0

 

1
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7}

 

exp(-j     nk)
2
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Cosine + j Sine Representation of DFT Matrix 
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n { 0        1          2          3         4          5         6         7         0 } 



DISCRETE FOURIER TRANSFORM 

MATRIX IS UNITARY (ALMOST) 

-1

-1 H *

F = f DFT

f = F IDFT

1 1
= =

N N

W

W

W W W
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A FAST FOURIER TRANSFORM  

N

N N

N N

Nn n

n

k

k

k2

2 2

1

1

2

1 1

Two-Dim’l

Transform

(Coupled)

1-Dim’l Array

 Mapped to

2-Dim’l Array

2-Dim’l Array

 Mapped to

1-Dim’l Array

 2-D

Array

 2-D

Array

 Load Array

by Columns

Unload Array

   by Rows

2-D Transform
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Maps One-Dimensional Array to a Two Dimensional Array, 

                      Performs a 2-D Transform and 

Maps Two-Dimensional Array to a One Dimensional Array, 



RELATIVE TIME FOR FFTS OF LENGTH 2 TO 270 

9
7
 



Relative Time for FFTs of Length 1000 to 1040 

9
8
 



ZERO-PACKED DATA HAS 

 REPLICA SPECTRA 

n

n

k

k

9
9
 

X(n) 

X(n), Zero Packed 1-to-3 

X(k) 

Primary Nyquist Zone 

3-Replica Nyquist Zones 



1
0
0
 



COOLEY-TUKEY INDEX MAPPING 
0   1    2    3    4    5    6    7    8    9   10   11   12   13   14

                                 Array Indices

0   -     -    3     -     -    6    -     -    9    -    -     12    -     -

-    1     -    -    4     -     -    7    -     -   10   -      -    13    -

-     -    2    -    -    5     -    -     8    -     -   11      -    -    14

                             Sieved Array 

                           0     3     6     9    12

                            -     1     4     7    10    13

                            -     -     2     5     8     11    14

                   Remove Gaps (Contain Empty Addresses)

                           0     3     6      9     12

                           1      4     7     10    13

                           2     5     8      11    14

                         Shift to Common Origin 

1
0
1
 



LEXICOGRAPHIC (IN NATURAL ORDER) MAPPING 

0 0

0 0

5 5

5

5

1 1

1

16 66

6

2 2

2

2

7 77 7

3 3

3 3

8 88

8

4 4

4

4

9 9

9

9

10 10

10

10

11 11

11 11

12 12

12

12

13 13

13

13

14 14

14 14

Two-Dim’l

Transform

   (3 x 5)

 Twiddle

Trig Table

1
0
2
 

Load by Columns Unload by Rows 

Transform by Rows 

Twiddle Rows 

Transform by Columns 



COOLEY-TUKEY TRANSFORM 

2 2

1 2 1 2 2 1 1 2 1 2

2

1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

FFT Workload : N(N )+ N N + N(N )=(N N )(N + N +1)

DFT Workload : N = (N N )(N N )

(N N )(N + N +1)(N + N +1)
Ratio : =

(N N )(N N ) (N N )

1
0
3
 

N

n

n

k k

k

kn

n n

k

N
N N N N

N N N N

1

2

1

1

1 1

2

1 1 1

2
2 2 2 2

  Row

 Xfrms

Colm

Xfrms

Twdls

W
N

n  k2  1
2

1.  Load 2-Dimensional Array by Columns 

2. Transform Rows 

3. Twiddle each Element in Transformed Row 

4. Transform Columns 

5. Unload 2-Dimensional Array by Rows 



RADIX-2 COOLEY-TUKEY FFT 



 

 
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 

 



  

  



 

 

2-1 -

0

-1 -12 22 2- (2 ) - (2 1)

0 0

-1 -12 222 2- --
/2 /2

0 0

( ) ( )

( ) (2 ) (2 1)

(2 ) (2 1)

N j nk
N

n

N N

j n k j n k
N N

n n

N N

j nk j nkj k
N NN

n n

H k h n e

H k h n e h n e

h n e e h n e

 

 

 

 

 

   

 

 

 

-1 -12 222 2- ( ) - ( )- ( )
/2 2 /2 22

0 0

-1 -12 222 2- --
/2 /2

0 0

( ) (2 ) (2 1)
2

(2 ) - (2 1)

N N
N NN

j n k j n kj k
N NN

n n

N N

j nk j nkj k
N NN

n n

N
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1
0
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N/2 Point DFT of 

Even Indexed Data 
N/2 Point DFT of 

Odd Indexed Data 
Twiddle 



COOLEY-TUKEY FAST FOURIER TRANSFORM 





 
 

 















 
1 2

1 2 1 1 2 2

1 2

1 2

1 1 1 2 2 2 1 1 2 2 1 2

1 2

1 1 1 2 2 1

1 2

1 1

1

1

0

1 1
( )( )

1 2 1 2
0 0

1 2 1 2

( ) ( )

( , ) ( , )

Examine product in Exponent

( , ) ( , )

N
nk
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n

N N
n n N k k N

N N
n n

n k n k N n k N n k N Nnk
N N N N N
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 

 
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1 2 2 1

2
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1 2

1 1

0 0

1 1

1 2
0 0

( , )

N N
n k n k

N
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RADIX-2 BUTTERFLY 

 

 





 

 

  

  

 

 

 

 
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-

e
-j 2

N
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1
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      Butterfly 

(Artistic License) 



IN CASE YOU FORGOT, 

IMAGE OF REAL BUTTERFLY! 

1
0
7
 



21

0

1 12 22 2(2 ) (2 1)

0 0

1 12 222 2
/2 /2

0 0

( ) ( )

( ) (2 ) (2 1)

(2 ) (2 1)

N j nk
N

n

N N

j n k j n k
N N

n n

N N

j nk j nkj k
N NN

n n

H k h n e

H k h n e h n e

h n e e h n e



 

 

 



 
  

 

 
 

 



  

  



 

 

A Puzzle! 
N2 Multiplies for N-Point DFT  

Every Multiply in Original Summation is either in 

Left Hand in Right hand Summation 

N/2 point DFT of Even 

 Indexed Sample Points 
N/2 point DFT of Odd 

 Indexed Sample Points 

(N/2)2 Multiplies in (N/2) Point DFT 

(N/2)2+(N/2) 2 = N2/4 + N2/4 = N2/2 

What  

Happened to 

Half of the 

Workload? 

1
0
8
 



TWIDDLE: A FREQUENCY DEPENDENT PHASE 

SHIFT TO DELAY SHIFTED TIME SERIES 

N N

N N
N

N
N NR

e
a

rr
a

n
g

e 2 2
2

2
2 2

 Pnt

Xfrm

 Pnt

Xfrm

N
2k+

-

e
-j 2

N
k

k

k

k

1
0
9
 

n k

2n

(n ,0) (k ,0)

(k ,0)

2n+ 1

(n ,1) (k ,1)

(k ,1)

1 2

2

2 1

1

Parse

Align
Arrays

Transform
    Rows

Twiddle

  Xfrm
Colm’s



N/2 INPUT ADDRESSES, N-OUTPUT ADDRESSES 
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to the next Address

I Have N/2 More

Addresses to go!
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(k+ N/2)

j (k+ N/2) j (k)
e = -e



RADIX-2 COOLEY-TUKEY 

REARRANGEMENT IN TIME 
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R A B C 

W=C B A R 



RADIX-2 COOLEY-TUKEY 

REARRANGEMENT IN FREQUENCY 
000

011

110

001

100

111
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---
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w
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w
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w
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w
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w
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w
3

w
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1
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               W=WT:   Then,  WT=[C B A R]T=RTATBTCT=R ATBTCT 

Transpose of Product is Product of Transposes In Opposite Order 

 

             Also Seen as Dual Graph: Replace Nodes With Sums,  

          Replace Sums with Nodes, Reverse Direction of Arrows 



SIGNAL FLOW GRAPH OF  

RADIX-4 TRANSFORM AND DRAGONFLY 

-

-

- -

w
1

w
1

w
0

w
3

w
3

w
2

w
2

-j

Dragonfly

Partition Array

Align Partition

n k

4n

(n , 0)1 (k , 0)2 (k , 0)2

4n+ 1

(n , 1)1 (k , 1)2 (k , 1)2

4n+ 2

(n , 2)1 (k , 2)2 (k , 2)2

4n+ 3

(n , 3)1 (k , 3)2 (k , 3)2

Xfrm

Xfrm

Xfrm

Xfrm

Delay-1

Delay-2

Delay-3

4-Point Xfrm
 (Dragonfly)

k 2k 3k

0 1 2 3

k 2k 3k

0 1 2 3

k 2k 3k

0 1 2 3

k 2k 3k

0 1 2 3

F(k) = A (k) W A (k) W A (k) W A (k)

N
F(k+ ) = A (k) - j W A (k) - W A (k) j W A (k)

4

N
F(k+2 ) = A (k) - W A (k) W A (k) - W A (k)

4

N
F(k+3 ) = A (k) j W A (k) - W A (k) - j W A (k)

4

+ + +

+

+

+

1-Dragonfly ->  4-Butterflies

25% Reduction in Twiddles

50% Reduction in Memory Calls

1
1
3
 



Image of Real Dragonfly 
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1
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       Enter

400 Point FFT

         Enter

160000 Point FFT
       Enter

100 Point FFT

       Enter

25 Point FFT

    Enter

5 Point FFT

     Enter

4 Point FFT

        Exit

400 Point FFT

          Exit

160000 Point FFT

        Exit

100 Point FFT

        Exit

25 Point FFT

     Exit

5 Point FFT

      Exit

4 Point FFT

      Map Into

4x100 Point Array

      Map Into

400x400 Point Array

      Map Into

4x25 Point Array

      Map Into

5x5 Point Array

     Map Into

400 Point Array

      Map Into

160000 Point Array

     Map Into

100 Point Array

     Map Into

25 Point Array

Call 100-Point

XFRM 4-Times

  Call 400-Point

XFRM 400-Times

Call 25-Point

XFRM 4-Times

Call 5-Point

XFRM 5-Times

   Call 4-Point

XFRM 100-Times

   Call 400-Point

XFRM 400-Times

   Call 4-Point

XFRM 25-Times
   Call 5-Point

XFRM 5-Times

Multiply byMultiply by Multiply by Multiply by

400
nkW160000

nkW 100
nkW

25
nkW

COOLEY-TUKEY MIXED RADIX FFT 

1
1
5
 

160000 Point FFT

x(n)

x(n)

X(k)

X(k)

1
6

0
0

0
0

1
6

0
0

0
0

400

2-D FFT

400

4
0

0

4
0

0n
n1 k2

n
2

k

k1

Rockwell 

4

0
5

n

nk
nkF f w





3

0
4

n

nk
nkF f w





800 3200 12800 128000 

83200 

Complex Multiplies 
  FFT: 2.05 x 106 
  DFT: 2.56 x 1010 



225=(213)(212)=33,554,432 POINT FFT 

1
1
6
 

33,554,432 Point FFT

x(n)

x(n)

X(k)

X(k)

3
3
,5

5
4
,4

3
2

3
3

,5
5

4
,4

3
2

8192

Point

 FFT

4096

Point

 FFT

n

n1 n1 k2

n
2

k1 k1 k1

k

2
25

2
13 2

13
2

13
2

13

2
12

2
12

2
12

2
12

33,554,432

    Point

Trig Table

   AMDAHL 

Jodrell Bank  
Minor Problem:  

It Didn’t Work! 



SINE WAVE, ONE CYCLE IN TRIG TABLE  

1
1
7
 

Smallest  

 Sample 

  2 2-25 

Single precision 

Floating Point 

24-bit Mantissa 

8-bit  Exponent 

Largest 

Sample 

    1.0 

                   Single Precision Floating Word Has 24-bit precision 

                 Exponent does not Contribute to Arithmetic Precision  

  Sinewave samples underflow when exponents are aligned for summations 



(213)(212-1)=(33,546,240) POINT FFT 

1
1
8
 

33,546,240 Point FFT

x(n)

x(n)

X(k)

X(k)

3
3
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4

6
,2

4
0

3
3

,5
4

6
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4
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8192

Point

 FFT

8192

Point

 FFT
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Point

 FFT

4095

Point

 FFT

n
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N= N1N2= (8192)(4095)

n1 k1
n

2

k2 k2
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13

2
12

-1 2
12

-1 2
12

-1

2
13

2
13

FFT of

Chirp

Input Chirp Output Chirp

e
-j n          

2
8192

2

e
-j          k2

8192
2

 Bluestein Chirp FFT

(Linear Convolution)

(2
13  

)( 2
12

-1)

Requires 

213 Point 

Trig Table 

Instead of 

225 Point 

Trig Table 

(Relative Prime)  

Convert N-Point DFT  

into Linear Convolution,  

Perform Fast Convolution  

in FFT length >2N-1 



(213)(212-1)=(33,546,240) POINT FFT 

1
1
9
 

FFT Does Not 

Require 

Trig Table  

33,546,240 Point FFT

x(n)

x(n)

X(k)

X(k)

3
3

,5
4

6
,2

4
0

3
3

,5
4
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4
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8192

Point

 FFT
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 FFT
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k

2
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-1 2
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 5
 7
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13

2

  Trig

Table

Winograd FFTs
       C-T FFT        G-T FFT8192-Point

 Trig Table



(212)(213-1)=(33,550,336) POINT FFT 

1
2
0
 

33,550,336 Point FFT

x(n)

x(n)

X(k)

X(k)

3
3

,5
5

0
,3

3
6

3
3

,5
5

0
,3

3
6
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Point

 FFT
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Point

 FFT
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Point

 FFT

4096

Point

 FFT

n
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12  
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2
12

2
12

2
12

2
13

-1 2
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-1 2
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-1

  Trig

Table

Winograd FFTs Winograd FFTs

       Rader FFT

(Circular Convolution)

 2
 5

 7

 9

13

 2
 5

 7

 9

13

(Relative Prime) 

(Mersenne Prime, 2p-1) 

Convert N2-Point Prime Length DFT  

into Circular Convolution, Length N2-1 

Perform N2-1 Fast Convolution 

FFT Does Not 

Require  

Trig Table  



35,225,190 POINT FFT 

1
2
1
 

35,225,190 Point FFT

x(n)

x(n)

X(k)

X(k)

3
5

,2
2

5
,1

9
0

3
5

,2
2
5

,1
9

0

2-Point FFT 11-Point FFT

5-Point FFT 13-Point FFT

7-Point FFT 17-Point FFT

9-Point FFT 23-Point FFT

n k35,225,190 Point 

Good-Thomas FFT

Short FFT 

Algorithms 

Trig Table 

87 Values 



REPLICA SPECTRA OF ZERO-PACKED DATA: 

 DOWN-SAMPLE SPECTRUM AND ALIAS TIME SERIES 

k

k

k

1
2
2
 

Earlier We Suppressed the Spectral Copies by  

3-to-1 Down-Sample of the Time Series 

Here We take a Different Tack:  

We 3-to-1 Down-Sample the Spectral Copies!   



GOOD-THOMAS INDEX MAPPING 

0   1    2    3    4    5    6    7    8    9   10   11   12   13   14

                                 Array Indices

0   -     -    3     -     -    6    -     -    9    -    -     12    -     -

-    1     -    -    4     -     -    7    -     -   10   -      -    13    -

-     -    2    -    -    5     -    -     8    -     -   11      -    -    14

                             Sieved Array 

0   -     -    3     -     -    6    -     -    9    -    -     12    -     -

-    1     -    -    4     -     -    7    -     -   10   -      -    13    -

-     -    2    -    -    5     -    -     8    -     -   11      -    -    14

        Aliasing Boundaries Due to Down - Sampling Spectrum

                           0     6     12     3     9

                          10     1      7     13    4

                           5     11     2      8    14

    Alaised Time Series Due to Down - Sampling Spectrum

1
2
3
 

Good-Thomas 

As opposed to 

Odd-Thomas 



0 0

0 0

5 5

5

5

1 1

1

1

6 66 6

2 2
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3 3

3 3

8 88
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4

4

9 9

9 9

10 10

10

10

11 11

11

11

12 12

12 12

13 13

13

13

14 14

14

14

Two-Dim’l

Transform

   (3 x 5)

 Twiddle

Trig Table

1
2
4
 

Residue Input (Chinese Remainder Theorem) Mapping,  

Some other Theorem Output Mapping 

Load by  

Bishop’s Tour 
Unload by  

Knight’s Tour 



We all have need for a spell checker! 

1
2
5
 

Speaking of “Theorem” 



x1 = [  0     1     2     3     4     5     6     7    -7    -6    -5     -4    -3    -2    -1] % Odd Symmetric Input 
fx1=imag(fft(x1))      % Transform Input Array 
 
fx1=[ 0  -36.0730    18.4395  -12.7598   10.0922    -8.6603     7.8860   -7.5413     
                 7.5413   -7.8860      8.6603  -10.0922   12.7598  -18.4395   36.0730] 
 
x2=[x1(1)    x1(7)   x1(13)  x1(4)   x1(10);        % Map 1-D array to 2-D array 
       x1(11)  x1(2)    x1(8)   x1(14)  x1(5) ;  
       x1(6)   x1(12)  x1(3)   x1(9)    x1(15)]  
  
x2 =        0     6    -3     3    -6 
             -5     1      7    -2     4 
              5    -4     2    -7    -1 
  
fx2=[fft(x2(1,:));fft(x2(2,:));fft(x2(3,:))]    % Transform Rows 
  
fx2 =    0.0000 + 0.0000i   0.0000 - 7.8860i   0.0000 -12.7598i    0.0000 +12.7598i   0.0000 + 7.8860i 
            5.0000 + 0.0000i  -7.5000 - 2.4369i  -7.5000 +10.3229i  -7.5000 -10.3229i  -7.5000 + 2.4369i 
           -5.0000 + 0.0000i   7.5000 - 2.4369i   7.5000 +10.3229i    7.5000 -10.3229i   7.5000 + 2.4369i 
  
fx3=[fft(fx2(:,1)) fft(fx2(:,2)) fft(fx2(:,3)) fft(fx2(:,4)) fft(fx2(:,5))] % Transform Columns 
  
fx3 =    0.0000 + 0.0000i   0.0000 -12.7598i   0.0000 + 7.8860i   0.0000 - 7.8860i    0.0000 +12.7598i 
            0.0000 - 8.6603i    0.0000 + 7.5413i   0.0000 -10.0922i   0.0000 +36.0730i   0.0000 +18.4395i 
            0.0000 + 8.6603i   0.0000 -18.4395i   0.0000 -36.0730i   0.0000 +10.0922i   0.0000 - 7.5413i 
  
fx4=imag[fx3(1,1)  fx3(3,3)  fx3(2,5)  fx3(1,2)  fx3(3,4)  fx3(2,1)   fx3(1,3)   fx3(3,5) …   % Map       2-D 
                              fx3(2,2)  fx3(1,4)   fx3(3,1)  fx3(2,3)  fx3(1,5)   fx3(3,2)  fx3(2,4)])    % array to 1-D 
  
fx4=[0   -36.0730    18.4395   -12.7598    10.0922    -8.6603      7.8860    -7.5413 
                  7.5413    -7.8860     8.6603   -10.0922    12.7598   -18.4395    36.0730] 
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GOOD-THOMAS (RELATIVE PRIME) TRANSFORM 
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2 *3   -   1 *5  = 1 



GOOD-THOMAS FAST FOURIER TRANSFORM 
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The Math Forum @ Drexel 
While we're on the subject of the CRT. There is a similar theorem 
that seems to be a dual form of the CRT, that I've often seen 
referred to as the "Ruritanian Correspondence Principle", what is 
the history of this name? 

Discrete and Continuous Fourier Transforms:  
 Analysis, Applications, and Fast Algorithms 
The Ruritanian correspondence proposed by Good [24]…. 

The Relationship Between Two Fast Fourier Transforms 
 I. J. Good, IEEE trans on Computers, March 1971 
Discussing an equation from his 1958 paper, he added the comment: 
.. ... which I shall call the Ruritanian Correspondence. 

Wikipedia, Prime-factor FFT algorithm 
Good's 1958 work on the PFA was cited by Cooley and Tukey (1965).  
It was the only prior FFT work cited by them. 

The interaction algorithm and practical Fourier analysis,  
Good, I. J. (1958).  Journal of the Royal Statistical Society, 

1
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CHINESE REMAINDER THEOREM INPUT AND  

RURITANIAN CORRESPONDENCE OUTPUT MAPPINGS 
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BLUESTEIN FFT ALGORITHM 
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BLUESTEIN CHIRP-TRANSFORM 
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FREQUENCY PROPORTIONAL TO TIME: 

 

SUCCESSIVE OUTPUTS FROM FILTER ARE DFT FREQUENCY BINS 
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CONVERT TRANSFORM MATRIX TO CIRCULANT MATRIX 
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FOUR POINT WINOGRAD CIRCULAR CONVOLVER 
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SIGNAL FLOW GRAPH OF FOUR POINT  

WINOGRAD CIRCULAR CONVOLVER 
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N M(N) MULT ADD 

2 2 0 2 

3 3 2 6 

4 4 0 8 

5 6 5 17 

7 9 8 38 

8 8 2 26 

9 13 10 44 

11 21 20 84 

13 21 20 94 

16 18 10 74 

17 36 35 157 

19 39 38 186 

Some Elementary Winograd  

Fourier Transforms 
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80 POINT COOLEY-TUKEY FFT 
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80 POINT GOOD-THOMAS FFT 
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80 POINT G-T WITH WINOGRAD FFT 
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  5 Point WFT    -    16 Times:   16 x (5-M, 17-A)

  

16 Point WFT    -      5 Times:     5 x (10-M, 74-A)
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80 POINT NESTED WINOGRAD FFT 
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80 16 18 18 18 16 16 80

5 5 6 6 6 5

n

  [5 A  + 18 A  + 1B  B + 6 C   + 16 C  ] x 2

  

2[ 5(38-A) + 18(8-A) + 1(108-M) + 6(37-A) + 16(9-A)]

= 2[700-A +  108-M] =  

C R R C C R

}  216 Real Multiplies
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COMPARISON OF FFT ALGORITHMS  

(COMPLEX INPUT DATA) 
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Block length Factors Real Mult Real Adds Block Length Real Mult Real Adds 

30 2x3x5 72 384 32 320 480 

48 3x16 92 636 

60 3x4x5 144 888 64 768 1,152 

91 7x13 318 2,648 

120 3x5x8 288 2,076 128 1,792 2,688 

168 3x7x8 432 3,492 

240 3x5x16 648 5,012 256 4,096 6,144 

420 3x4x5x7 1,296 11,352 

504 7x8x9 1,584 14,642 512 9,216 6,144 

840 3x5x7x8 2,592 24,804 

1,008 7x9x16 3,564 34,920 1,024 20,480 30,720 

2,520 5x7x8x9 9,504 100,188 2,048 45,056 67,584 

10,920 3 x5x7x8x13 38,760 320,196 8,192 212,992 319,488 

Good-Thomas, Winograd FFT Radix-2 Cooley-Tukey FFT 
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Closing Cartoons   
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What School Did You Attend? 
         (Calvin and Hobbs) 
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A CARTOON THAT HAS NOTHING TO DO WITH THE FFT.  

 

TO SEE THE HUMOR HERE 

 YOU MAY HAVE HAD TO  

  SEARCH FOR A PARKING SPACE AT SDSU 
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To see the humor here 
 you may have had to  
  search for a parking space at SDSU 



Professor harris, may I be excused?

               My brain is full. 1
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THANKS FOR BEING A GOOD AUDIENCE!  
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We are now open For Questions 

One More Slide 



Is Open For Questions  
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